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ALGEBRAIC DEFORMATION THEORY

W. STEPHEN PIPER

Introduction

Deformation theory dates back at least to Riemann’s 1857 memoir on
abelian functions in which he studied manifolds of complex dimension one
and calculated the number of parameters (called moduli) upon which a de-
formation depends. Max Noether in his 1888 paper on the moduli of alge-
braic surfaces was apparently the first to consider deformations of manifolds
of higher dimension. The modern theory of deformations of structures on
manifolds was developed extemsively in papers by Frolicher-Nijenhuis [2],
Kodaira-Spencer [14], [15]. Kodaira-Nirenberg-Spencer [13], and Spencer
[22], [23]. The study of deformations of algebraic structures was initiated by
Gerstenhaber, who, remarking that his methods extend to equationally de-
fined algebraic structures, devoted his work [5] to consideration of associa-
tive algebras and graded and filtered rings.

Having the concept of deformation of algebraic structures (principally,
associative algebras) and of analytic structures (principally, complex analytic
manifolds), we are led to seek a deformation theory of mathematical struc-
tures in general. The present paper provides a step towards the development
of a generalized deformation theory by introducing a type of cohomology,
which we call “deformation cohomology,” in the deformation theory of alge-
braic structures. The deformation cohomology is an algebraic analogue of the
cohomology introduced by Haefliger [10] in the deformation theory of struc-
tures on manifolds. The latter is developed in greater detail in an unpublished
communication from A. Douady to D. C. Spencer. The relationship between
the deformation cohomology and the Hochschild cohomology, the latter re-
flecting the infinitesimal structure, is expressed by an exact, commutative
diagram (see §§ 9-11).

A reasonable deformation theory for mathematical objects should incorpo-
rate the notion of a “deformation cohomology” which in turn is related to a
cohomology reflecting the infinitesimal structure—the latter cohomology will
be called, for simplicity, “infinitesimal cohomology.” Our construction of a
deformation cohomology in the algebraic theory shows that the principal
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features of the analytic and algebraic deformation theories can be subsumed
under a general treatment, exhibiting in compact form the obstructions to
deformations. Throughout we shall exploit the similarity between algebraic
deformation theory and the analytic results obtained by Spencer and others.

The principal tesult of the present paper, contained in § 1, is the definition
of an algebraic cohomology theory, H#(A, A), for an associative algebra A of
formal power series in dimensions 0, 1, 2, whose second cohomology classes
represent equivalence classes of one-parameter families of deformations of A4,
or of A’, where A = A’[[¢]]. This might be called the cohomology of 4 with
coefficients in the multiplicative group of germs of one-parameter families of
deformations of 4. We shall refer to it more briefly as the (algebraic) de-
formation cohomology. A similar cohomology is defined for Lie algebras (§5)
and, by means of the deformation cohomologies, the deformation theories of
associative and Lie algebras are identified (§ 6). The procedure used in defin-
ing the deformation cohomology is valid for any equationally defined alge-
braic system, and one could just as easily define it for Jordan algebras, Clif-
ford algebras, commutative associative algebras, nilpotent algebras with fixed
index of nilpotence, etc. For convenience we cast our discussion throughout
in terms of associative algebras.

The basic elements of algebraic deformation theory, previously introduced
by Gerstenhaber, are now obtained (§§2-4) from the cocycle condition in the
deformation cohomology which is, of course, the associativity condition on
bilinear maps. Because the original definitions of the deformation cochains
and the coboundary operator in dimension 0 were formulated with the inten-
tion of demonstrating the identity of the associative and Lie theories, it is
necessary to recast these definitions when A’ is given over a field & with posi-
tive characteristic. This is done in §7, where the equivalence of the two
definitions also is shown. Infinitesimal deformations are seen to be Hochschild
second cohomology classes of A’ with coefficients in A’, and one has a map-
ping p of the deformation cohomology into the Hochschild cohomology. Our
interest focuses on determining whether p is surjective. One asks under what
circumstances a Hochschild two-cocycle can be “integrated” to a deforma-
tion. There are obstructions to such an integration, at least formally, but up
to now no specific examples have been examined in detail. An obstruction is
a Hochschild third cohomology class, and in general, there are an infinite
number of obstructions. One conjectures that there are only finitely many
obstructions, which is to say that having integrated a cocycle to sufficiently
high order, we can determine an extension so that all further obstructions
are zero.

The final analogy between the analytic and algebraic theories is the intro-
duction and discussion in §10 of an exact commutative diagram, which links
the deformation and Hochschild cohomologies, in analogy with the analytic
case of Spencer [21].
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Some special aspects of obstructions are discussed in Part II, and our main
result is that there are only finitely many obstructions to the extension of a
cocycle in Z#*(A, M) to Z*(A4, M)[[¢]] with respect to a given deformation of
A. Deformations of the module structure of M over A are introduced in § 14.
Following one of the philosophical suggestions for a general deformation
theory, we induce an infinitesimal cohomology theory whose cochains are
multilinear maps of 7(4) ® M into A. The second part concludes with an
investigation of relations between deformations of 4 and of M over 4, and
of extensions of classes in H*(A4, M).

I wish to acknowledge my indebtedness to Dr. D. C. Spencer for his as-
sistance and encouragement during the research for and the writing of this
paper. Sincere appreciation is also due to Dr. H. Samelson for his comments
on the manuscript.

PART 1
ASSCCIATIVE ALGEBRAS

0. Notation

Let A’ be a given associative algebra with underlying vector space V7, de-
fined over a field 4. It is not necessary now to restrict attention to algebras
which are finite dimensional over k, although this restriction will be useful
later. The multiplication of 4’, denoted by «, is most often indicated simply
by juxtaposition. We currently assume that the characteristic of k£ is zero, as
the positive case is handled separately. Reference to an identity element of
A’ automatically implies that the statement is intended only for a class of
unitary algebras. The customary Hochschild [12] cohomology of 4’ with va-
lues in itself is denoted by H*(A’, A”), and the tensor algebra of A4 is design-
ated by T(A).

The theory is developed by considering the associative algebra 4 = A’ ®,
k[[z]] of formal power series over A4’, which has as underlying vector space
V = V' ®; k[{t]], where k[[¢]] is the ring of formal power series over k. We
also shall use « to indicate the multiplication on A4, canonically induced from
A’, and 1 to designate the identity map of A4, as well as the unit of 4. The
double usages should not cause confusion.

A p-linear (over k) map of A’ into 4’ induces a p-linear (over k[[¢]]) map
of A4 into A, as is seen by considering the definition of A. Now a p-linear map
of A into A4 is said to be “defined from A4’,” if it is canonically induced by a
p-linear map from A" to A’. In the sequel we only shall be concerned with
such maps which may be said to be admissible. As we shall not deviate from
this convention, it is unnecessary to mention it each time p-linear maps of 4



136 W. STEPHEN PIPER

into A are considered. Also, we shall not distinguish between multilinear
maps from 4’ to 4’ and the induced mappings of 4 into A.

Throughout the first few sections a parallel will be developed between the
theory for associative and Lie algebras, culminating in a proof of their coin-
cidence. We shall deal with a Lie algebra L’, defined over k with underlying
vector space ¥’ and Lie multiplication /,, denoted as usual by [,]. H*(L’, L")
is the customary Chevalley-Eilenberg [1] cohomology of L’, with values in
the universal enveloping associative algebra U(L’) of L’. We also consider
L = L' ®; k[[#]] with V¥ = V' ®, £[[¢]] as underlying vector space.

1. The deformation cohomology

Consider an associative algebra 4’ and the extension 4 of 4’ over the ring
of formal power series k[[7]]. Define the deformation g-cochains, denoted
Cy(A, A), of A with values in 4, for g =0, 1, 2, as follows:

Ci4, A= 4,
(4, A) = the group of vector space automorphisms of 4 of the form
D.(a) = J, p(a)t, where ¢, is the identity map and the ¢; are
720

defined from A,
CiA4, A) = the maps of A ® A4 into A4 of the form F,(a, b) = 3 f.(a, b)r,
120

where fi(a, b) = a(a, b) = ab, and the f; are defined from 4’

A differential operator D is defined on the g-cochains, g = 0, 1, 2. For
x e CYA, A), Dx is the vector space automorphism of A given by

Dx(a) = exp (x1)-a-exp(— xt)

=a+ (xa — ax)t + <%x2a — xax + -%-ax’) #+ .

For @, e Cy(4, A),
Do (a, b) = O (P, Ds)

where we abbreviate the notation, writing @, for @,(a). For F{(a, b) e C%(A4,
A),

DF,(a, b, ¢c) = F,(F,(a, b), ¢) — F,(a, F,(b, ©)).

Remarks. 1) The unit or distinguished element in the set C%(A4, A) is «,
the original multiplication of 4. The unit of the group Ci(A4, 4) is the iden-
tity map.

2) D@, =0 (or equivalently, D@.(a, b) = ab) holds if and only if @, is
an algebra automorphism. ’
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3) F.(a, b) is an associative multiplication on A if and only if DF, = 0.

4) Everything indicated in this section and the next can be given in pre-
cisely the same fashion, except for D on the O-cochains, when the characte-
ristic of the ground field is not zero. Even here the result is equivalent (cf.
§7). However, the later discussions for Lie algebras would not be valid.

Proposition 1. D is a well-defined differential operator, that is,

1) Dx(a,b)=ab, 2) D*P a,b,c)=0.

The proof is an immediate consequence of the definitions.

The cohomology of this differential complex, called the (algebraic) de-
formation cohomology, is denoted Hy(A4, A), g = 0, 1, 2. It is not defined in
higher dimensions, nor, analogously, was deformation cohomology defined
for g = 2 in the analytic development. Since HY(A, A) is the center of A4, it
is a commutative algebra; H}(a, A) is a group of (equivalence classes of) al-
gebra automorphisms; and H%(A4, 4) is a cohomology set with distinguished
element, which is the class of «.

2. Connection with deformation theory

The cochain @,(a) e Ci(A, A) is called a germ of (vector space) automor-
phism of A’ or a one-parameter family of (vector space) automorphisms, and
Zi(A, A) is the subgroup of algebra automorphisms of 4. An algebra auto-
morphism @,(a) is said to be trivial, or equivalent to the identity, if it is an
inner automorphism of 4. As a consequence of the definitions, we have

Proposition 2. The equivalence classes of germs of automorphisms of the
algebra A’ are in natural one-one correspondence with the cohomology classes
Hi(A, A).

More important for our considerations is the following:

Proposition 3. The equivalence classes of deformations of the algebra A’
are in natural one-one correspondence with the cohomology classes HY{(A, A).

A deformation of the algebra A4’ [5, p. 62] is given by an element of
Z%(A4, A), and two deformations F;, G, are said to be equivalent if there is a
(vector space) automorphism @.(a) = a + 3, ¢ (@)t* of V such that F,(a, b)

izl

= @G (D,, @,)). But this is to say that F,, G, considered as elements of
Z%(A, A) are cohomologous.

We now proceed to prove that differentiation with respect to ¢ at 1 =0
maps the deformation g-cochains, g = 0, 1, 2, into the Hochschild g-cochains
and, moreover, this mapping takes Hi(4, 4) into H¥(A4’, A”). In general the
mapping is neither injective nor surjective.

For x e HYA, A) = Z{(A4, A), Dx must be the identity automorphism of
A, i.e., exp(tx)-a-exp(— tx) = a. But this is true if and only if x lies in the
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center of A, or equivalently, x ¢ Z%A, 4). Writing x = 3 v,t%, x ¢ Z%4, A)
i20

implies % = v, € ZA', A7),
t=0
Differentiating @, = 1 + 3} ¢;* at t = 0, we obtain the infinitesimal auto-
i1
morphism ¢,. That @, be a cocycle in Ci(A, A) implies certain restrictions
on the ¢,. Namely, for all nonnegative r,

¢y Sor(a’ b) = Z Sop(a)sﬁq(b) s

prq=r

p,q20
or equivalently, making use of the Hochschild coboundary operator ¢ and in-
troducing the cup product of Hochschild 1-cochains ¢ U ¢(a, b) = ¢(a)¢(b),
we may write (1) as

5€01=0>
@) o, = — 20 o,U@qs r=2.
e

Proposition 4. Cohomologous algebra automorphisms have Hochschild
cohomologous infinitesimal automorphisms.

Automorphisms &,, ¥, are cohomologous if there is an x ¢ Cy(4, A) such
that

¥ Y@y (a)) = Dx(a) = exp(tx)-a - exp(-tx) ,
or equivalently, for ¥ e Z(A, A),
@ (a) = ¥, (exp(tx)-a - exp(-tx))
= exp(t¥,)-¥, - exp(-t¥,),
or, hence,
P(a)=D¥.(¥,) .

It is notationally simpler to allow X to stand for exp(tx). Thus, &, and ¥,
are said to be equivalent if there is a X(= exp(tx)) € CY(A, A) = A such that

V4D (a)) = XaXx~' = Dx(a) .

This has the further, and significant, advantage of allowing the formulas and
the theory to hold in the case characteristic £ == 0, which case is treated in
§7.
Proof of Proposition 4. 1f ¥, (a) = a+ ) ¢ (a)tt, then T3(X)=x?
21
— XX~ 4+ - - . Expressing @.(a) =¥, (XaX™") = T.0¥ (@) (X) in
powers of ¢, we have
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3)  D(a) = Xax~ + (¢,(0ax™! + APy (@)Xt — XaX~ (DLt + - - -
Recalling X = exp(tx), we see that (3) becomes

D) =a+ (xa— ax + (@)t + -
=a+ (¢:(@) + dy@pt + - -,

where y is the Hochschild O-cochain -x, which completes the proof. There-
fore, differentiation with respect to ¢ at ¢ = O induces a map

Hi(A, A) — HYA', A) .

Note that in the special case when A’ is a finite dimensional algebra over
k, with char k = 0, p is onto, since for given ¢, € Z'(4’, A"), @, = exp(p,?)
lies in Z4(A4, A) (see §4).

Proposition 5. Given @, =1 + ¢, + --- in ZL(A, A), then ¢, e Z(A’,
A, and if o, is cohomologous to zero, @, is equivalent to a one-parameter
family of algebra automorphzsms Uy=1+4 gpt™™ + ---

Proof. From (2) ¢, = = ¢,_, = 0 implies that 5% = 0, and hence
e ZN (A, AN If ¢, € BI(A’ A”), there is a y € A’ such that ¢,(a) = Jy(a)
=ay —ya.

Let x ¢ C%A, A) = A be given by x = yt*~! and set X = exp(xt) = 1 + yt*
+ ---. Then @,(a) is cohomologous, by definition, to @,(XaX"'), and

D (xax™) = (1 + yrMa(l — y1*) + gu(@)r™ +
=a ‘l" 0(tn+1) s

completing the proof.

Corollary. H'(A’', A") = 0 implies that all automorphisms of A (or of A")
are inner automorphisms.

A cocycle ¢ in ZY(A’, A’) is integrable if it lies in the image of p. The in-
tegrability question is a function of the cohomology class. More explicitly,
we have

Proposition 6. Suppose ¢ € Z'(A’, A’) is integrable. Then ¢ is integrable
‘whenever ¢ is cohomologous to ¢.

Proof. Let ¢(a) = ¢(a) + 8p(a) = ¢(a@) + af — Ba, for some B e C%(A4,
A) = A. Consider ¥',(a) = ®,(X~'aX) where X = exp(18), and &, ¢ p~'(9), i.e.,
@,(a) has ¢(a) as its infinitesimal automorphism.

¥ (a) = 27'ax + o(X~'aX) + - - -
=a+ (—pa+apy+e@y+ - ---=a+ @t + ---

That is, ¢ is the infinitesimal automorphism of ¥, and is integrable.
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The requirement that DF,(a, b, ¢) = F,(F,(a, b),c) — F(a, Fy(b,¢))=0,
for F, = & + Y, f.#!, expressed in powers of ¢, implies that the f, satisfy for
izl
all nonnegative r:

(4) fp(fq(a’ b)’ C) - fp(a, fq(b: C)) =0 »

pte=7
»az

=)

or equivalently, for positive r,

(5) éfi(a, b,c) =0,
(6) 5f7'= Z fp*fq:‘-% Z [fp’ fq]’
biaSo a0

where f, = f,(a, b, ¢) = f,(f,(a, b), ¢) — f,(a, fy(b,¢)) and [f,, f] = f, = f, +
f.* f, . Differentiating F, at ¢ = 0, we obtain the infinitesimal deformation
f., which by (5) is a cocycle in C¥(4’, 4).

Proposition 7. If F,, G, are cohomologous multiplications, then f,, g, are
cohomologous Hochschild cocycles.

Proof. F, ~ G, implies there exists a 1-cochain @, e Ci(4, A) such that
F.(a, b) = &G (D,, ?,)), and thus

Fyua, b) = G(Da, D) — ¢:1(Gu(Da, D))t + - - -
=@, D, + 0:(Pe> Do)t — 0:1(De- D)t + - -+
= ab + (ag,(b) + ¢ (@)b)t + g.(a, b)t — ¢, (ab)t + - - -
= ab + (g,(a, b) + d¢y(a, Dt + - - .
Therefore, f, and g, represent the same cohomology class in H*(4’, 4’), and
we have that each cohomology class in H%(A, A4) determines a class in H%(A4’,

A’). Denote this mapping by p = KA

otl_o
Proposition 8. Given nontrivial F, e Z(A, A), F, is equivalent to a one-
parameter family of deformations G, = o + g t* + ¢, "1 + - --, where

the first nonvanishing cochain g, is in ZX(A’, A") and is not cohomologous to
zero. :

The proof is similar to that of Proposition 5 and is omitted (cf. [5, p. 65]).

Corollary. H*(A’, A’) = O implies there are no nontrivial deformations
of A (or of A%).

Again, a cocycle f, in Z*(A4’, A’) is integrable if it lies in the image of p,
and we have

Proposition 9. If f, e Z*(4’, A’) is integrable, then so is any cocycle g,
cohomologous to f,.
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3. The deformation equation and integrability

The previous section concluded with a note on integrability, and this con-
cept is developed now more fully.

Given a Hochschild 2-cocycle f,, which as we shall see can be regarded as
a tangent vector to an algebraic variety, we ask the integrability question.
When can f, be “integrated” or extended by elements of C%(A4, 4) to a de-
formation 2-cochain, satisfying an appropriate structure condition, which in
terms of the deformation cohomology is the condition that it be an associa-
tive algebra? This requirement parallels that implied in discussions of the
analytic deformation cohomology in the manifold theory and is also realizable
in terms of a deformation equation. The deformation equation can be stated,
using the Hochschild coboundary §, as

@] o — %[% v]=0,

where v has the form fi# + f* + ---.
The equivalence of determining such a v and of having F, = &« + 2] f;t*

21

€ Z%(A, A) is clear from setting v = X, f;#* and using the bracket defined
in the preceding section. We have =
FieZZd, AY=la+v,a+7]=0,
and
O=Ja +v,a+ v]=2v, «] + [v, v]
implies

1
ov= [, v]=v=*x7,
2[ 1 *

which is, of course, the same as (6).
A “deformation equation” can be stated also in the case of automorphisms.
Expressing @, = 1 + . ¢;#* by 1 + o, the condition that @, be an (associa-
iz1

tive) algebra automorphism is that @,(ab) = @,(@)P.(d), i.e., D, ¢ Z}(A4, A),
and thus

ab + w(ab) = (a + w(@))(d + o))
= ab + aw(b) + w(@)b + w(@w(d),

from which o + 0o U @ =0.
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Given f, e Z¥(A’, A") and f, e C}(A’, A", 1 < i< n, satisfying (6) for all
r < n, we say f, is integrated up to order » — 1. The integration equation
may be stated recursively. Can we find f, ¢ C*(4’, A’) such that

® 8fn = 20 foxfy?

Hochschild 3-cohomology classes, as proven by Gerstenhaber [5]. Should it
be the case that H%(A4’, A) = 0, all obstructions vanish and the formal ques-
tion of integration is settled in the affirmative. By formal in this context one
means that, yes, an f, with the requisite property does exist for each »n. The
cocycle f, is said to be integrated when an appropriate f, has been chosen,
for each » > 1. The primary obstruction (equal to the class of w, = f, = f,)
depends only upon the Hochschild class of f,, while the higher obstructions
{w,} depend upon the choice of f,, - - -, f,_;, as well as upon f,.

4. Integration of infinitesimal antomorphisms

The integration question considered in this section asks to what extent is
the differentiation map p : HL(A4, A) — HY(A’, A") onto. That is, given an in-
finitesimal automorphism ¢ in Z'(A4’, A"), can we find an associative algebra
automorphism @, = 1 + ¥ ¢.* in Z}(A, A) such that ¢, = ¢? The answer to

21

be proven shortly is easily stated. Yes, p is onto when k has characteristic
zero. The following proof also holds for algebras with positive characteristic
p, when p > 2q, where the g** iterate of ¢ is the zero map. The more gene-
ral case of positive characteristic is not considered here, except to note the
existence of actual obstructions for the group algebra of Z,,.

Given ¢ € Z'(A’, A7), define

0@ = 9@, 90 = —oeu(@).
@i(a) = %@1(972(0)) , etc.
Lemma 1. By the associativity of the composition of automorphisms,
© oiei@) = (" T ousa) .

The proof is straightforward as one quickly sees that the numerical coeffi-
cients involved are simply the binomial coefficients.
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Consider @, =1 + Y, ¢;#*, where the ¢; are as given above. Then &,
=
= e, 1
Proposition 10. e belongs to Z1(A4, A), i.e., is an algebra automorphism.

The necessary and sufficient condition that @, = e** be an algebra auto-
morphism is that

(10) ¢-(ab) =p§=r¢p(a)@q(b) .

5,920

The proof proceeds by induction. Observe that (10) is trivial for r = 0 and
holds for r = 1, as ¢, = ¢ € Z*(4’, A’). Assume (10) holdsfor all r < n — 1.
Then,

Pu(@B) = 490 a(@) = — T pu(p@)p.(B))

7,520

=L 2 0@ + .@ploid)
520

;r-ﬁ;s=
1 1 ,
=— 2 0+ Ders@oid) + = 3 ( + Dpud@)g;..(b)
nrese? o
1
= (pal@b + 3puB)) + — 3, (2 + Dipp(D)e(b)
g0
= 2, 0a(@)p,(d), foralln > 0.
a0
g.e.d.
Given ¢, -+ -, @, in C(A’, A’) satistying
(1) v5907=Z 0, Uy forr=1,---,n,
Prase
the Hochschild class of Y ¢, U ¢, is called the (n + 1)¢* obstruction to
p+og=n+1
2,¢>0

the integration of ¢,. If and only if this class is the zero cohomology class,
there exists ¢, such that §o,., = 3 ¢, U -

Poase
. )41
We just have proven that given ¢, we can pick ¢; in order to obtain a
global algebra automorphism with infinitesimal ¢,. However, given ¢,, - - -, ¢,

satisfying (11), there may or may not be a global automorphism which mo-
dulo #**? is equal to 1 + f,‘ ¢;. This is reflected in the fact that the map =, of
i=1

§10 is not onto.
Consider now the unitary group algebra over k (when characteristic k = p)



144 W. STEPHEN PIPER

of Z,. For each prime p, a derivation of this algebra can be exhibited which
is not integrable (cf. [5, p. 897).

5. The Lie deformation cohomology

Consider the Lie algebra L’, and L = L’[[#]]. Then define C%(L, L) =L,
and C}(L, L) to be the group of vector space automorphisms of L of the form
@, = 3, pit’, where ¢{a) = a, and the ¢, are defined from L’. Let C%(L, L)

220

be the group of bilinear, skew-symmetric maps of L into iiself of the form
B, = 7 B;t%, where By(a, b) = [a, b], B, maps into L, the B; map into the
120
universal enveloping associative algebra U(L) of L fori > 1, and for i = 1,
the B, are defined from L’.
For x ¢ L, Dx e CY(L, L) is the inner automorphism of L determined by x.

Explicitly,
Dx(y) = exp(ad x0)(y) =y + [x, ¥}t + %[x, x, ¥l + -

And,
D@L(a: b) = @‘1([00.: @b]) ’
DB(a, b, ¢) = B,(B,(a, b), ¢) + B.(B.(b, ©), a) + B,(B,(c, a), b) .

As in §1 (Proposition 1), D is a well-defined differential operator.

Consequently, D@, = 0 if and only if &, is a Lie algebra automorphism,
and B, defines @ Lie multiplication (that is, satisfies the Jacobi identity) if
and only if DB, = 0. We also have

Proposition 11. The equivalence classes of deformations of the Lie alge-
bra L' are in natural one-one correspondence with the cohomology classes
HY(L,L). ‘

Everything is defined just as in the previous three sections, and the ana-
logues of Propositions 2-9 are immediate.

Remark. For other equationally defined algebras—commutative, Jordan,
etc.—the deformation two-coboundary would be the defining relation, just as
in the associative and Lie cases.

This completes the introduction of the algebraic analogue of the analytic
cohomology.

6. Tdentity of the associative and Lie theories

Theorem 1. There is a natural isomorphism between the one-parameter
automorphisms and deformations of Lie algebras and of their universal enve-
loping algebras.
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That is, to every deformation of a Lie (associative) algebra, one can asso-
ciate a deformation of an associative (Lie) algebra, and similarly for auto-
morphisms.

Let L’ be a Lie algebra, L = L[[]], and A = U(L), the universal envelop-
ing associative algebra of L. We define a natural map y: HYL, L) — HY(A,
A). By definition of 4 as the universal enveloping associative algebra of L,
Lie algebra automorphisms @, of L extend to unique algebra automorphisms
7(@,) of 4, and y so defined carries inner automorphisms into inner auto-
morphisms. Therefore, y: Hy(L, L) — H3(A4, A). The map on the 2-level is
obtained in a similar fashion; B, € Zi(L, L) gives a one-parameter family {L,}
of Lie algebras deforming L, and hence one has a one-parameter family of
enveloping associative algebras {4,}, which is a deformation of 4. And 4,
= T(L)/R,, where R, is the ideal of T(L) generated by B,(a, b) —a® b +
b & a. This set of multiplications on A is defined to be 7(B,) € Zi(4, A).
Equivalence of deformations is preserved, and consequently, 7:Hy(L, L)
— Hi(A, A).

Theorem 2. The map y: HYL, L) — H%(A, A) is injective.

On the O-level y is an imbedding and, for g = 1, 2, y takes a cocycle into
a unigue extension. As two cocycles cannot have the same extension, y is in-
jective.

As A is a filtered algebra with F,(4) = L, restricting cocycles representing
classes in HY(A, A) to F,(A), one has a map H}(A4, A) — HYL,L), g =0,
1, 2. Hence 7 is onto. This completes the discussion of Theorem 1.

Further, given an associative algebra, one defines a Lie algebra L(4) = L
over the underlying vector space V of A, by introducing the commutator
bracket [a, b] = ab — ba . There is an immediate relation between H%(A4, A)
and HY(L,L). Moreover, @, e Zj(A, A) is an element of Z(L, L), and
@, e Bi(A, A) is an element of BY(L, L). Given F, ¢ Z3(A4, A), define B, ¢
Z:(L, L) by B.(a, b) = Fy(a, b) — Fyb, a). If F, is a coboundary, then so is
B,. As a result we have a map Hi(A, A) — HYL, L), and accordingly, every
deformation (automorphism) of an associative algebra can be considered a
deformation (automorphism) of a Lie algebra.

7. The case of characteristic p = 0

Assume A4’ has an identity element. For char k = 0, C(4, A4), Ci(4, A)
and D*, D* are well defined. An alternate and equivalent definition of C%(A4,
A), and D° can be given so that these are well defined as well. Intuitively,
the O-cochains are those elements of 4 which give rise to inner automorphisms
of A, and the coboundary of such an element is this inner automorphism.
The definitions of §1 for O-cochains and the coboundary operator D° were
formulated with the discussion of the deformation cohomology of Lie algebras



146 W. STEPHEN PIPER

in mind. However, the following formulation is independent of char £ (and
hence is the necessary formulation for char & = 0).

Let C be the set of invertible elements of 4 whose constant term lies'in the
center of A4 (equivalently, of 4’). With this definition for O-cochains, the O-
coboundary operator is conjugation, i.e., the coboundary of x € C is the inner
automorphism of A4 given by xax~*.

Lemma 2. When char k = 0, every inner automorphism of A, defined by
conjugation by x e C C A, is equal to conjugation by an element of A, of the
form exp(tx), x e A.

In other words, the lemma says that C and C%(A4, A4) are isomorphic and
that the two definitions of coboundary operator are equivalent. In each case
the coboundary of a O-cochain is an inner automorphism defined by the
0-cochain.

We recall that x € C may be expressed in powers of ¢ by

X=v,+ vt + .88+ ---, v;€ A,

where v, lies in the center of 4’ and is invertible. Dividing out », does not
affect the inner automorphism 7.(a) = xax~*, and so without loss of general-
ity we may take v, to be 1, the identity element of 4’.

Then x~* has the form, in powersof #, x ' = 1 + 3 y,#, where y, = — v,,
i1

and in general,

12) Vo= — 2, VpYg — Vs -
pre=r
».2>0

Thus,

(13) xax?* = 4+ vt +0v,L84+ --dall —vt+ @ —v) + --2)
=a+ (v.a — av,))t + (v,a — vav, + av: — av )t + - - -

Substituting in exp(zX) the power series in ¢ of X = Y X,;#*, we have
20

exp(X) =1 + Xt + <X1 + %Zﬁ) t
+ <X2 + lxoxl + lxlxo + lxg) A R
2 2 6

Therefore,
(14)  exp(flaexp(-tX) = a + (Xa — aXy)t

+ (Xla + %Xga — XgaX, + %axg — a)(l)t2 + ---.
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Comparing (13) and (14), one can solve for X so that (13) = (14), by
letting

Lo =7,
1
Xy = v, — —2"01 s
t 3 1
Ao = V3 + = —Z-v,vz -V, , €tc

This establishes the general pattern expressing successive X, in terms of the
v,. But this is to say that conjugation by elements of C is equivalent to con-
jugation by elements of the form exp(tX), X € 4, completing the proof of the
lemma. The modified differential operator will be denoted by D’.

The results of §2 continue to hold for characteristic £ %= 0 when the de-
formation cohomology is reinterpreted as above. No change is required in
the statement of the propositions, while the proofs need little or no alteration.
For the proof of Proposition 4, replace D by D’, and X = exp(tx) by x = v,
4+ vt 4+ v,8° 4+ -- - e C. In the proof of Proposition 5, let x =1 4 yt, and
for Proposition 6, let x = 1 + pt replace X.

A similar modification for Lie algebras can be given only in special cases,
as the exponential map is essential in defining the Lie algebra inner auto-
morphism determined by an element of the algebra. However, the results of
§§3 and 5 pertaining to deformations (i.e., 2-cocycles) are independent of
the characteristic, and so continue to hold for positive characteristic different
from 2. Nijenhuis-Richardson [20] have devoted several sections to discus-
sion of the case char k = 2.

8. Deformation theory in terms of structure constants
The associativity of an algebra 4’ with basis {x;, - - -, x,} is expressed by
(15) (XuXp)X, = X, (XpX,);

here and throughout this section the Greek indices run from 1 to n. (And «
is an index—not the multiplication of 4’.) Writing x,x, = 3 c,x,, we obtain

the set of structure constants {c7,}, for the algebra 4’ with respect to the

given basis {x,, - - -, x,}. Associativity is expressed in terms of structure con-
stants by
(16) 2. Cogh = Z ci.ch, .

A deformation of the multiplication on 4’ is given by
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amn Fo(x,, Xp) = XX, + ; Filx s Xp)E8
= T (et + I i 5)00%,

Set cz,(t) = cI, -+ Z] filx,, xp)t* , and write fi(x,, x,) for cz,. The associativity

condition (16) becomes in terms of the coefficients of powers of ¢, for all non-
negative p, q,

(18) Zp~§=rf;(xa, xﬁ)fg(xc? ‘xy) - f;(xﬁ? xr)fs(xa? xz) = O
Letting a; , , = f,(x,, x;), where Greek indices run from 1 to n, and Latin
indices from O to o, we rewrite (18) as

(19) p§_T; a:,ﬁ»pafﬂ q a.g 2@ a &9 — 0
which is a quadratic polynomial over the ground field k in #°(r -+ 1) variables.
Denote this polynomial by g#7 .. Then the set {g%} } indexed by r < R and
a, B, 7, ¢ is a finite set of polynomials, which defines an algebraic variety
GZ in n¥(R + 1)-dimensional affine space. The set of varieties {GF} is ordered
by inclusion, and GZ has order of contact R with the parameter space of
Gerstenhaber at the point ¢ = {ci,}, ;,. In [5] Gerstenhaber takes as the pa-
rameter space for the deformation theory of n-dimensional associative algeb-
ras the set of structure constants for all such algebras. This corresponds to
consideration of all n-dimensional associative algebras, each with fixed basis.
As we are interested in deformations at the point ¢ = {cL},,,,, of the para-
meter space, corresponding to 4’, we take {ci,} as our solution to (19) for
r=0.Let{c, , }23% " beasolutionto (19) for 0 < p + g=r <r. Then
the ri* obstruction to the deformation of A’ is finding a solution to the system
of polynomials

(20) Z (C er + X‘ 5rc,:7 — ngrcﬁz sz,sr)
Z Z (Caﬁp e7q C;,pcﬁ;q) .
§?‘q‘7>o’ :

This expresses the obstruction to deformation as a linear system of n* equa-
tions in »° indeterminants, and for notational simplicity, (20) may be rewrit-
ten in the form

Ay - Oy X, b,
(21) <} .: ><E>=<‘:>, M=n3,N=n4,
e Ayl Xy by,

am

where the subscript r is added to the b, (corresponding to the quantity in
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parentheses on the right of (20)) to indicate their dependence upon r. The a;;
are independent of r (corresponding to the Hochschild coboundary operator).
The condition of integrability up to order r, equivalently the vanishing of the
rt» obstruction, is the solvability of the system (20) for the {Xz,}, r fixed.
This condition is expressed in terms of linear algebra, by asking whether the
rank of the (a;;) matrix is equal to the rank of (a;;: b;)—an affirmative an-
swer being the necessary and sufficient condition for solvability.

9. A diagram of algebras

The previous discussion of the deformation cohomology and the Hochschild
cohomology is incomplete in that no definite correlation between the two was
developed. The deformation cohomology, it was pointed out, gives the auto-
morphisms and deformations, while the Hochschild cohomology represents
the “infinitesimal” automorphisms and deformations. This section and the
next, in developing the final parallel to be discussed in this paper, between
the analytic and algebraic theories, present an exact cohomology diagram
linking the deformation and the infinitesimal cohomology theories (cf. [21,
p- 681).

Consider an associative algebra A’ over a field k& with characteristic zero,
and let 4 = A'[[#]]. For integers ¢ = — 1, we denote by A, the subset of
the elements of 4, whose first ; + 1 terms in their power series expansion
over A" are zero. That is,

22) A ={acA:a=b, "' + b "+ .., bye A}.

The subset 4, is actually an ideal in 4, and we may consider the quotient
A* = AfA, of A4, with respect to the obvious equivalence relation. The ele-
ments of 4* will be referred to as p-jets.

One then has the exact, commutative diagram.

1 1
1 1
] — A — A" — 4* — 1
1 1
23 A =— A
T T
l1— A4, — A4, — 4 — 1
7 7
1 1

The mappings involved follow immediately from the definitions. The proofs
of commutativity and exactness are straightforward.
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10. An exact cohomology diagram

From the above diagram (23) of algebras we obtain in a natural way the
exact cohomology diagram (24). (Note that there is a considerable amount of
repetition indicated in the diagram.) This section is devoted to defining the
terms and the mappings in the diagram. Diagram (24) is just the expected
exact cohomology diagram associated to the exact diagram (23) with the mo-
dification that the Hochschild cohomology is used where one would expect
H*(A’,A4), which is not defined. Perhaps a deformation cohomology could
be made meaningful for A’ once a Krull topology has been introduced, en-
abling one to speak of p-jets, etc. We begin with a sequence of definitions,
keeping in mind that the mappings are induced from (23).

1 2 2 2

L ma, ) S w4, 4y S 4, a0 D e, 4
17, 17,
Hi(4, 4) = HY4, 4)
16 Te
& 10 47 ’ 0 2 T2 2 £ 20 A7 A7
— HY(A', A) — HL(A, A‘u+1) — HX(A, A) — H¥(A4', A4)
I Th T4 I
0 , 0.] z_1 pl 0.2
— HY(A', A") — Hl(A, 4"") — H\(4, 4*) — H¥A', A) —
T T Ty
(24) Hy(4, A) =— H4, 4)
T4 Ta
o o 4’ A’ 0 1 1 1 1 1 47 47 0
—_—> H(A’A)_> Hd,(A7 A,u+1) —_— Hd(A9 A,u)_> H(A7A)__)
I 70 10 i
0 N 20 0 o
— HY(A', A) — HY(A4, A**') — HY(A4, 4") — HY(A', A) —
(K 7 7
H(A4, A) == HY4, 4
T T 43

0 H° To 0 ) o 4’ 4/ 0
— H(4, A,u+1) — Hd(A’ A;‘) — HY(A', A) —

I i
0 0

1. CY4, 4)=4,.
2. C%d, A) = A~ .
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Andfor =0,
3. Cy(4, 4,) = the subgroup of C}(4, A4) of elements of the form

@L=1+2901;ﬁ-

>p

4. Ci(A, A,) = the subset of C*(A4, A) of elements of the form

F =& + Z fltq' .

i>p
© 5. Ciy(A4, A*) = the quotient of C},(A, A) by C}(4, 4,). Explicitly, the equi-
valence relation is given by

iz1 izl

if and only if ¢; = ¢, i=1, -+, p.

6. Ci(4, A4*) = the quotient of C%(4, 4) by C%(A4, 4,), where the equiva-
lence relation is

Fi=a+ 3 it ~G =a+ F gt

21 =1
ifandonlyif f,=g,,i=1,---, .

Note that Cy(4, 4" = {1}, Ci(4, A = {a}, and CY4, 4, = CY4, A),
g=1,2.

We define two differential operators as follows. On C4(4, 4),a=0,1, 2,
D, is the restriction of the deformation coboundary operator D. This gives a
differential complex, and, taking the cohomology complex, we obtain H4(4,
A,), g =0, 1, 2. The cohomology groups may be described as

Hy(A, A,) = A, N {the center of A4}. Recall H (A, A) = the center of A.

H}(A, A,) = the cohomology classes of algebra isomorphisms of 4 of the

form @, =1+ 3] .t .

>
Hl(A, A4,) = the cohomology élasses of multiplications on A of the form
F,; =a + ; fztz .
The second differential oﬁerator D+ is defined on representatives of C%(A,
49, g=0,1,2, by
i) comsidering x = xo + Xt + -+ + x* + X, ' + -+ In CYA, A),
letz=xy+x2+ -+ +x,t*. Thenx =2z +y, ye A4,, and define

(25) D#x = Dz,

il) considering @, =1 + J ¢t € Cy(A4, A), define
i1
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26) D@ (a, b) = DP,(a, b) = @YD, D) modulo (¢#4),
iii) considering F, = & + )] f;#* € C3(4, A), define
121

@7 D'F, = DF, = %[F,, F)] modulo (#+%) .

Observe that
i) D#x =0 if and only if z lies in the center of A.
ii) D#@ = 0 if and only if D*@(a, b) represents the trivial automorphism

of A4#; thatis, is of the form ab + ¢,.,t**' + - - - . This implies that
28) dpr=— 2 U r=1,00,p.
[y

iii) D#F, =0 if and only if %[Ft, F,] has the form g, ,2**' + g,.,t*7*
-+ -+, which implies that

(29) 5]:7: fp*fqa r:l,---,;z.

We shall refer to F, as a multiplication modulo z#+!.

It follows immediately from the definitions that D#. D* = 0, and that D~ is
a well-defined differential operator on the cochains Ci(4, 4¥), ¢ =0, 1, 2, as
the definitions are independent of the choice of representative elements of the
equivalence classes. Cocycles in Z.(A4, 4%) and Z%(4, 4*) will be referred to
as p-jets of automorphism and of deformation, respectively.

As the proof of the exactness and commutativity of diagram (24) follows
immediately from the mappings involved, it suffices to give explicit descrip-
tion of these mappings. The mappings are described most easily by representa-
tives and/or on cocycles. It is a simple exercise to see that they are well-defined
on the appropriate cohomology classes.

The mapping p* is the (¢ + 1)** obstruction map defined on a representa-
tive by '

PF,=a+ Y ft)istheclassof X fy=f,.
i>1 pHg=p+1
r,9>0
Similarly, p' is the (¢ + 1)** obstruction to the integration of an infinitesimal
automorphism.
Defined on cocycles, the maps, z,, t;, 72, &, 1, ¢, are inclusions.
The mapping ¢* is induced from the map of cocycles given by

feZNA, A) > F, = a + ft=+1.



ALGEBRAIC DEFORMATION THEORY 153

Similarly, ¢! and ¢° are induced from the maps of cocycles given respectively
by

peZi(A4,A4)— G, =1+ g7,
x eZNA, A — xte+t,

An element of H%(A, A,) may be represented by

Fz=0(+fp+1tﬂ+l+ o where '%‘[FHF!]=O

Define py(F;) to be the class of f,,,, which by Proposition 8 is a cocycle. If
foa € B4, A), then p(F;) = 0, and F, represents an element of H%(4, 4,.,).
Thus p, is well-defined on cohomology classes. Analogously, p, and p, are
defined respectively from the maps

@2’—— 1+ S(:’p+1t#+J o s
a = Z a;tt —Q,. .
i>p
The connecting homomeorphism 2, is defined on representatives of the p-jets
of automorphism by

(30) (D)4, b) = 07D, Dy)

where @, = 1 + X ¢;t* and {@,} € Z'(A4,4*). To prove that 2, is well defined on
izl

ZL(4, A9), we must show that ¢4, @) and ¥ -*(¥,-¥,) are cohomologous
in Z%(A, A,), when @ — ¥ = 0 modulo #**. Letting ¥, =1 + Y ¢:?, set
i1
Fya, b) = 074D, Ds), Gi(a, b) =¥'(¥,-¥,). We have then to prove the
existence of a 4 =1 + Y g;¢* such that
(>J

(1) 4,(F(a, b)) = Gy(4,(a), 4,(3)) -
The reader may verify that 4, = ¥~%(®,) satisfies (31).

11. Consequences of the diagram
2

Let H(A’, A’) be the zero group. Then for all g, H:(A4, A**7) =, Hi(A4, 49
is onto, stating that every class of deformation cochains satisfying the asso-
ciativity condition up to order p also satisfies it up to order g + 1. As g runs
from 1 to oo, this says that all obstructions vanish.

Suppose H*(A4', A’) = 0. It was observed as a corollary to Proposition 8
that under this assumption A4’ is rigid, i.e., H%(4, 4) = 0. This result also
follows immediately from (24). From the third row we have
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0 — Hi(4, 4,.,) —> Hi(A, A) — 0
and by recursion
Hi(A, A,.,) = Hi(A, 4,)
for nonnegative x and 7. Setting ¢ = 0,
H(A, 4,) = Hy(A4,4) ,

which implies H%(A, A) = 0.
We further observe that

0 — Hi(A4, A**) — Hi(A, A7)
is exact for all 4 = 0, and composing injections,
0 — Hi(A4, A7) — Hy(4, 4%)

is exact for all nonnegative » and 7. In particular, as C3(4, 4,) = Ci(4, A),
Hi(A, A% = 0, and therefore H%(A4, A7) = O for all 5 = 0. This also implies
the rigidity.

Similar observations can be made about the vanishing of H'(A4’, 4’) and
H*(A', A") with respect to automorphisms.

The diagram (24) was expressed for arbitrary nonnegative ;. Specializing
to ¢ = 0, we obtain the isomorphisms

Hi(A, &) ~ H(A', &),
Hy(A4, A ~ H\(A', &) .

PART II

FINITELY MANY OBSTRUCTIONS AND THE
DEFORMATION OF MODULES

The twofold object of Part II is i) to show that there are only finitely many
obstructions to the extension of a Hochschild second cohomology class in
H*(A, M), where M is a two-sided module over an associative algebra 4. The
proof will be seen to rest on a certain linearity condition—a condition which
fails when discussing deformations of 4. And ii) to develop the theory of de-
formations of two-sided modules over associative algebras. The latter paral-
lels the deformation of complex analytic fiber bundles.

Consider M, a two-sided 4-module, 4 being an associative algebra, and
let
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C, = C(4, A), the Hochschild cochains of 4 with coefficients in A, with
Hochschild coboundary §,. After a change from the usual grad-
ing, we shall denote this complex by 4*.

Cy = C(A4, M), the Hochschild cochains of A with coefficients in M, with
Hochschild coboundary 4,,. Later this complex is denoted by M*.

12. M is a complex over the Lie algebra complex 4*

Clearly, (C,, 6,) and (Cy, &) are graded differential complexes. We first
recall the graded Lie algebra structure of (C,, §,) and then show that (C,
dy) may be considered as a graded module over the graded Lie algebra (C,,
84). It is customary to write C?(A4, A) = Hom(T ,(A4), A). However, in dis-
cussing the graded structure it is necessary to have deg f=—p — 1, for
f e C?(A4, A), and similarly for the cochains C(4, M). To simplify the nota-
tion, especially with respect to this concept of degree, we write A7 for C5*?
and M7 for C%*. Thus we consider the complexes (A*, 6,) and (M*, 5y).
The arguments of §13 are made easier if we know that M* is a complex
over A*. This will be demonstrated now.

For fe A7, g e A2, [f, g] € A?*9 is given by

(32) f,9l=Ffxg—(—1DPgxf,
where
fx9(@, -+, p.q)

= Zo(— 1)iqf(a07 cery Gy, g(ah M) ai+q)a Qigir * s ap+q) .
2

The reader may prove that the bracket so defined satisfies the Jacobi
identity and is compatible with the Hochschild coboundary operator. Hence,
(A%, 8,) is a graded Lie algebra complex, with &, a right inner derivation of
of degree + 1.

To give the two-sided module structure of (M*, §,) over (A%, §,) define
Ar ® M? — M?r+a by

(33) [ 9l=—(=Drig«f, for fedr, geMs,
and M2 ® A» _» M?+¢ by
(34) lg,fl=gx=f, for fe A7, ge M2,

In order that this structure actually be that of a two-sided module, it is
necessary that

(35) [th, 11, 91 + (= 1**9 (A, 9, fl = A, If, 911
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(36) [7, [9; A1l + (— 1)***'[g, [f, A]] = [If, 91, K]

hold for f € A7, g € A%, h e M*. Note carefully that there are two different
brackets appearing in equations (35) and (36). This should cause no difficulty
as f x & is not defined in general for f ¢ 4%, h e M*. The following relation
(37) is used in verifying (35) and (36). The proofs are left to the reader.

B GBrx@xf+ (=D "hsfeg=hx(g*xf) - (— D% (fxg)

for fe A2, ge A9, h e M*,
Finally, to confirm that (M*, 3,) as a graded complex lies over the graded
complex (4%, §,), it is necessary to verify, for f ¢ 47, g € M9, that

(38) 3ulf, 91 = (— D)[o4f; 91 + [f, du9]
(39) 5M[g= f] = (_' 1)17(5)19, f] + [g, 5A.f] .
One proves

(40) 5Af = — [.f, Ct'] ?

(41) dug=—gxa+(—=Dirxyg,

where « is the multiplication of 4, and = reflects the given 4-module struc-
ture of M. Thatis, 7 : AQM - M, n: MK A— M. Equations (38) and
(39) follow from the fact that the Hochschild coboundary operator on the
cochains of an algebra with values in itself is a right derivation on the graded
Lie algebra of cochains. That is,

(42) 8[f, 91 = (— 1)%[of, g1 + [f, 6g] , where fe Q?, ge Q9,

for an arbitrary cochain complex Q of an algebra with values in itself. The
remainder of the proof of (38) and (39) may be found as a part of Theorem
4 in [3, p. 282].

13. Finitely many obstructions

One of the outstanding problems of deformation theory is that of finitely
many obstructions. One conjectures an affirmative answer in the algebraic
case. Similarly, Grauert has conjectured such an answer for the deformation
of complex analytic structures. This section deals with an integration or ex-
tension problem in which the obstructions are not quadratic, as in the above
conjectures, but instead simply linear. Namely, there are only finitely many
obstructions to extending a class in H"~'(A4, M). The proof suggested by Grif-
fiths [8] relies on earlier work by Grauert, Kodaira, and Spencer. The following
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discussion presented in a series of lemmas is valid for any graded differential

complex over a graded Lie algebra, although our interest is in cochain com-

plexes of algebras and modules. We shall have occasion to refer to rings of

formal power series M*[[f]] and A*[{#]], the quotient field M*((z)), and

A*{t}, the ideal in A*[[#]] of formal power series with zero constant term.
Consider @, ¢ 4{t}, such that

(43) 5,0, = %[@z, o],

and define 9, : M9[[t]] — M**[[#]] by
5q;Fz =0y F, — [Qu F.].

One checks that §,-04 = 0, and hence (M*[[#]], d,) is again a differential
complex.

An extension of a Hochschild (r + 1)-cocycle f € M7, with respect to @, ¢
A}, is an element F, in M7[[t]] such that i) F,=f, ii) §,F, = 0. The
cocycle f is said to be extendible if such an extension F, exists. All (r + 1)-
coboundaries g = §h are extendible. (G, = 6,k is an extension of g). Thus,
the question of extendibility depends upon the cohomology class of f in
H™(A, M). A cohomology class is said to be extendible if any (and therefore
all) representing cocycle is extendible.

Given an extension F, = 3}, f,#?, of f = f,, one has from (33) the following

20

set of relations :

(44); dufi = [y, f,], where we have written @, = 3] o,t*
Pz:;:oz izl
= (=1 3 fox 0, forali>1,
p+q=1
2>0

or using (41),

(—Dzsfi—fixa=(— 1)7“2 _fq*SOp'

Q
>

ol
-,

Suppose one is able to find f;, - -+, fy_; such that (44), is satisfied for i = 1,
-+, N —1; that is, f, can be extended up to order N — 1, then

45) oy = 3 [g5 1]
is said to be the N** obstruction to the extension of f = f,. The result is that

there are only finitely many obstructions in the sense that there exists an N
such that if f is extendible to order N (i.e., wy is cohomologous to zero),
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then f is extendible. This conclusion is based on a series of four lemmas
whose proofs may be found in [8].

Denote the r-cocycles of (M*[[t]], §,) by ZpM). If F, e Zy(M) extends
feZ*' (A4, M) (note the change in grading), then F, is called a jump exten-
sion if there is a G, in M"((¢)) with §,G, = F, (i.e., G, has the form
3T g:tt, g:e C7(A4, M), for some nonnegative N). And fe Z*'(4, M) is
3 N

called a jump cocycle if there is a jump extension F, of f. A class in H"*%(4,
M) is called a jump class if any representative is a jump cocycle. Since J,g is
a jump extension of §,¢, the notion of jump class is well defined.

Lemma 3. The N obstruction wy to extension is in Z7+*(A, M).

Lemma 4. o< Z7%A, M) is a jump cocycle if and only if w is an obstruc-
tion to extending some f in Z™(A, M).

Define N(w) to be the least integer #, such that w is an n** obstruction to
the extension of some f in Z™+'(4, M). Given f in Z™*'(A4, M), let N(f) be the
greatest integer n such that f can be extended up to order n — 1. In other
words, we can find f,=f, f,, - - - f,, satisfying (44); for i =0, -- -, » when
p=n— 1, but not when p = n.

Comparing the obstructions to the integration of Hochschild cocycles in
Z¥ A, A) (8) and of 1-cocycles in Z'(A, 4) (11), with the obstruction (45) to
the extension of a cocycle in Z+'(4, M) with respect to @, € A'{t}, we see
that the obstruction is quadratic in the {f;} in the previous cases, whereas it
is linear in the {f;} in the present context. The distinction between the situa-
tions with linear and quadratic obstructions is made clear in the following
lemma. Because the proof does not hold for quadratic obstructions, this
lemma is not proven for the case of algebra deformations, and we are pre-
sently unable to obtain the statement of finitely many obstructions for algebra
deformations or automorphisms. Finally, we remark that the other lemmas
of this section do hold for deformations.

Lemma 5. i) If o is an obstruction of order N(w) to the extension of
feZY(A. M), N(w) = N(-

ii) If w is an obstruction of order N(f) to the extension of fe Z'*'(A, M),
N(w) = N(f)-

The first statement says that if « is an nt* obstruction to the extension of
some fe Z*Y(A, M), and if f is extendible to order n 4+ 1, then o is an
(n — 1)** obstruction for some cocycle in Z"*'(A4, M).

Part ii) says that if f is extendible only to order n, and if w is an n** ob-
struction to the extension of f, then « is not an m** obstruction to the exten-
sion of any g € Z7*(A, M) for m < n.

Under the assumption that H7+*(4, M) is finite dimensional, the subset of
jump classes (equal the subset of obstructions) is finite dimensional over k.
Let o, - - -, w; be a basis for a subset of obstructions. To each w; associate
¥t e M™*Y[]], and G € M7((¢)) such that
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) =, i) 6,Gi=7",
iii) G* has a pole of order N(w;) at t = 0.

Let N,,, = max{N(w;) : 1 < i < s}. Corresponding to a linear (over k) com-

bination « of obstructions {w,, - - -, w,} is a linear (over k) combination G, of
formal power series {G;, - - -, G5}. Since the order of the pole of G, at t =0
is not greater than the maximum of the orders of the poles G, 1 =1, .-, s

att =0, N(w) £ N,.,.

Lemma 6. Suppose f € Z+*(A, M) has for some n = N, ., an extension of
order n. Then f is extendible.

When A4 is finite dimensional over & and M is finite dimensional over A,
H™(A, M) is finite dimensional, and we conclude from the preceding four
lemmas:

Theorem 3. There are only finitely many obstructions to extending a class
in H*Y(A, M).

Let @, = «t. Such a @, satisfies (43), as « is the coboundary of the identity
automorphism of A4, and therefore 6 & = 0. Applying the preceding results,
we have that given f € Z7°'(A4, M), there exist only finitely many obstructions
to obtaining F, = 7, f;t*, fo = f, such that éf; = (— 1)"f,_,xa. For r=1,

120

this becomes
0fi = fia(a, be) — f;_y(ab, ©) .
A more substantial result is obtained by taking @, = 3, ¢,#*, where
i1
a + Y, ¢;tt € Z:(A, A). In the case, (43) is just the well-known deformation
izl
condition (6) and is satisfied. Consequently, given f ¢ Z*(A4, M), there are at

most finitely many obstructions to the extension of f to F, = > ;¢ such that

120
0fi=— X fax 0y,

prg=i
>0
or more generally, given f € Z™*'(4, M), there are finitely many obstructions
to obtaining F, = 7, f;¢*, where f, = f, and
20
(46) fe=(=17 2 foxop.

p+g=1

14. Module cohomology

Consideration of the deformation theory for associative algebras and Hoch-
schild cohomology and for Lije algebras and Chevalley-Eilenberg cohomology
suggests that a well-defined deformation determines a cohomology theory
when one requires the infinitesimal deformations to be classes. The situation
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for analytic structures and commutative algebras supports this view. When
certain homological hypotheses are satisfied, such a cohomology theory is
unique. That is, knowledge of the 0- and 1-cohomology uniquely determines
the g-cohomology. We now apply this philosophy to the case of modules. By
first describing the deformation of a two-sided module M over an algebra A4,
we are able to define a cohomology, whose cochains are maps of T(4) ® M
® A into M, which might be called the cohomology of M over 4 with values
in M.

Let M be a two-sided A-module, with external operation =z, and let
@, = 3, ¢;1* be a deformation of 4. Then F, = } f; 1!, where f, = = is called

120 20
a deformation of the two-sided module structure with respect to @, if, for
a,beAd, meM,

47 Fy(®[a, b), m) = Fi(a, Fy(b, m)),
(48) Ft(FC(ma a): b) = Ft(m> Qt(a> b)) ’
(49) F(F.(a, m), b) = Fy(a, F(m, b)),

where (47), (48), and (49) generalize (ab)m = a(bm), (ma)b = m(ab), and
(am)b = a(mb), respectively. We use F, to denote the change in both the left
and the right module structure. Which raultiplication is meant at a given time
will be clear from the order of the arguments.

Expanding (47)—(49) in powers of ¢, one obtains for all r and for p and
q=0:

(SO) p+qZ=rfp(qu(a’ b)? m) - fp(a: fq(b> m)) =0 5
5)  Fam, @, B) — fm, (e, 8) = 0,
(52) p+qZ=rfp(fQ(a, m)> b) - fp(a> fq(m> b)) =0.

We now wish to define the coboundary df of a homomorphism f: AQ M —
M as a step towards introducing the cohomology of M over A with coefficients
in A. For any homomorphism f: AQM —-M or f: M@ A — M, define,
fora,be A, meM,

(53) df(a, m, b) = af(m, b) — f(am, b) + f(a, mb) — f(a, m)b .
With this definition for d, (52) can be rewritten for nonnegative r as

(54) dff(a? m, b) = §=rfp(fq(a, m), b) - fp(aa fq(m> b))

7, 4>0

and as a consequence, df,(a, m, b) = 0.
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Consider K7.= Hom (T,(4) ® M, M) ® Hom (T,_,(4A) @ M ® A, M), and
define d: K* - K"*' by, forr=0

df(a, m) = af(m) — f(am), ~ df(m, b) = — f(mb) + f(m)b,
forr=1landf: AM sMorf: MRA->M
dfa, m, b) = af(m, b) — f(am, b) + (a, mb) — {(a, m)b ;
for r > 2 define
df(ay, - -, a,, m) = a(a,, - - -, a,, m)
S NV (CHRER R A
+ (= f(ag, -+, a,y, am)

forf: T.(AH®M — M, and

af(ay, - -+, @,_;, m, a,) = agf(ay, - - -, a,_, m)
7r-=1
+ Z; (_ l)lf(a(], Tty Qg Gy 1 Gy, Gyygy vty Ay, M, ar)
i=

+ (— 1)"]‘((10, tres Gy g, A N, a'r)

+ (_' 1)T+1f(a0> cery Gy, mar) + (_ 1)"]‘((10, P ey, m)ar

for f: T,_,(A) @M ® A — M. The differential operator d so defined satisfies
(53) when f is defined on either M & 4 or A@ M . The involved computa-
tions to prove d* = 0 are omitted. Considering the cohomology of (K*, d),
we have a cohomology theory in which the l-cocycles are infinitesimal de-
formations of the two-sided module structure of M over A.

As the rt* obstruction, which is the module cohomology class of the right-
hand side of (54), to the integration of f, is quadratic in the f;, the proof of
finitely many obstructions in §13 fails for module deformations, just as it
failed for algebra deformations. It will be seen in §§15 and 16 that these two
questions are not independent.

15. Compatibility of deformations

This section considers simultaneously an associative algebra A4; a two-sided
A-module M ; a deformation @, = ] ¢t of A; a deformation F, = 3 f;#* of
i20

2 20
the two-sided 4-module structure of M with respect to @,; and an extension
G, = Y gt of a 2-cocycle g in Z*(A, M) with respect to @,, as in §13. The
iz

result of this section is that we obtain in a natural way an algebra and a
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deformation of this algebra when F, and G, satisfy a relation expressing com-
patibility.
First, recall the deformation conditions, for all r = 0, where p, g = 0,

(55) p;qﬂsop(%(as b), €) — 92(a, po(b, €)) =0,
(56) p;qﬂfp(soq(a, b), m) — fy(@, fo(b, m)) =0,
(57 , +ZQ=Tfp(m’ @q(@, b)) — fu(fo(m, @), b) =0,
(38) ) ;q:,f”(a’ fo(m, b)) — fyfo(a, m), b) = 0,

(59) T * gr(a, b, C) + p§=rgp(a; §0q(b5 C)) - gp(goq(a, b)’ C) =0.

Equation (55) is the deformation condition for the algebra A. Equations
(56) and (57) give the conditions for the deformation of the left and right mo-
dule structure of M over A with respect to the algebra deformation @,, while
(58) is the two-sided module deformation relation. Equation (59) is the same
as (46) for r = 1.

Consider the vector space direct sum of A and M, denoted by A + M,
where a multiplication on 4 + M is given by

(60) U,(x1, x5) = (Pulay, ay), Fo(ay, my) + Fy(my, a)) + Gy(a,, ay)),

and x;, =a; + m;,a;e A, m;e M, for i=1,2. In order that ¥,(x,, x,)

= 3, ¢:(x1, X5)t* be an associative multiplication, it is necessary and sufficient
i20

that

(61)  Pu(xy, X5) = _.(Sﬂp(an as), foay, my) + fo(my, @) + g4(a1, ay))

pt+a=3
P20

satisfy the associative deformation condition (55).

Theorem 4. U, defined by (60) gives a deformation of the algebra
(A + M), , which has multiplication given by

(a, m)(@, m') = (ad’, am’ + ma’ + g(a, @),

if and only if the extension of g e Z*A, M) is compatible, in the sense of
(66), with the deformation of the module structure.

The significance of the compatibility requirement will be made clear in the
course of the proof, which is a straightforward verification of (55), using (61).
One has
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) Gl 2D 2 = i 0 3
(W_q””_ lo(pp(ar, 45),a5) — ¢(ay; ¢o(a, a3)],

2 [fs(fq(ala ms), a;) — f(ay, f(my, as))

DP+eHTHS=p
P20

+ fs(gop(ala az)a ma) - fs(ala fq(aza ma)) A
+ fofo(my; ), a) — oy, 04(as, G3))

+ gs(p(ar, a,), a;) — g(a, (a5 G3))

4 0o, @), @) — i@, 0ol as))]) .

The summation on each of the first five lines of the right-hand side of equa-
tion (62) is over all pairs of nonnegative integers whose sum does not exceed
p. Therefore, we may apply formulas (55)—(59), 0 < r < p, to show that
terms in the first four of these lines vanish pairwise, and that the fifth line
vanishes together with the terms in the sixth line for which s = 0. We are
left with

(63) Z_HZ___:“gbi(Sbj(xla xz)’ xa) - Sbi(xl H Sbj(xza xa))
%i,f20

=5 2 f94@ @), a5) — 14(ay, 94(az, a3)) .

7=0 S+g=7
>0

In the hypotheses at the beginning of the section no statement was made
about any relationship between the extension (i.e., deformation) of g and the
law of multiplication 4 ® M — M, which was made to depend, via the de-
formation F,, upon ¢. That such a connection or compatibility condition is
needed is made clear in the present theorem, which will say, when proven,
that the right-hand side of (63) vanishes. If G, is to be a coycle, not just in
Z% (M), but with respect to the entire structure, whose multiplication at time
t is given by (60), then we must have the compatibility condition

(64) 0G(ay, ay, ay) = Fi(a;, G(ay, a))) — Gi(D(ay, ay), a;)
+ Gy(a,, D.(a,, a)) — F(G(ay, ay), a)) =0,

or, in terms of coefficients of powers of ¢, for all r = Q,

(65) p+§27(fp(an Go(@s, G3)) — 9@ p(a15 85), G3) + Go(Gr, 0 (a2, a3))

- P(gQ(ala az), as)) = 0 .
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The summation over the middle two terms together with the extremes for
p =0 is zero by (50). Thus the compatibility condition (65) becomes for
r=0,

(66) p+Zq:=Tfp(an 9q(ds @) — fo(94(ay, @), @) = 0.

»>0

When G, is such that, for a given F,, (66) vanishes, G, is said to be an ex-
tension compatible with the deformation F, of the module structure. Com-
paring (64) and (66) completes the proof of Theorem 4.

Note that the concept of extension G, of g € Z*A4, M), compatible with a
deformation F, of the module structure, also means that G, will be an exten-
sion, as in §13, with respect to the deformation @, of the algebra 4. While
this fact is discussed more fully in the next section, we point out now that it
follows from equation (63) in the proof of Theorem 4. If ¥, is a deformation
of (4+M),, then the left-hand side of (63) is zero, as are the first and last
(less the terms for s = 0) lines on the right-hand side. The remaining lines on
the right-hand side (including the sixth line for s = 0 with the fifth) are in-
dependent of each other, and as their sum is zero, each is zero. The fifth line
together with the s = 0 terms of the sixth expresses the fact that G, is an ex-
tension of g with respect to @,.

16. Investigation of deformations of 4 + M

Reversing the order of considerations in the previous section, we now
examine deformations of an extension of 4 by M, and ask when such de-
formations induce deformation of 4 and of the module structure of M over
A, and extensions of g € Z%A, M).

It is well known that the equivalence classes of singular extensions of M by
A are in one-one correspondence with the second cohomology classes H*A,
M). Let g be a cocycle in Z*(A, M) and consider the corresponding extension
A + M of A, with multiplication given by

(a,, m)(ay, m,) = (aa,, a,m, + ma, + 9(a,, a;)) .

Denote this algebra by (4 + M), and let ¥, (x,, x;) = Z &i(xy, x)tf be a de-
formation of (4 + M),. Therefore, the ¢, satisfy for r > 0

(67) D p(Pa(Xss X2), X5) — Pp(Xy, PolXa, X5)) = 0.

r

ﬁ[\’l

P+
202

]

Because ¥, is bilinear and x; = a; + m,,j =1, 2,

Uo(xy, %) = (G @) + To(a, my) + (g, a) + ¥ (my, my) .
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This can be expressed by

(68) sz‘(-xl: X)) = (as(ay; G5) + ﬁz‘(ala my) + ri(my, @) + e(my, my)
77i(a1: a,) + pi(a, my) + o,(my, a;) + /li(mla m,)) .

Substituting (68) into (67), we obtain, as the component in 4, where terms
as grouped according to their arguments,

9 0 =p+zq:=r[ap(aq(a1’ Gy), @y) — otp{Gy; 0tg(Gys @) + 7 5(0e(G1, @), @5)
»ae20

— Bo(ay; 79(a, a5)) + a(Bo(ar1, My), a3) — ap(@, 1o(Ms, a5))

T 70(0e(G, M), G5) — B1(a1, 0o(Ma, &3)) + @ p(7o(My, G), a5)

— 72y, (s, @) + 72(0,(M, @), @5) — &p(My, 74(as, G;))

T ap(eq(, M), a;) — ep(My, 04(My, &5)) + 71 5(pte(My, M), a5)
— 12(My, 7o(M, @) + Bo(ee(@r; @), M3) — Bp(Gr, po(Gs; M)

+ e5(9g(@r5 @), My) — ap(ay; Bo(@s; M3)) + Bp(Bo(ar, my), my)
— ap(@y; &g(My, M) + €501, M), M5) — By(ay, po(My, My))
+ Bo(r (s @3), M3) — 7p(M; Bo(@y, M) + e4(0o(My, G5), M)
— 7p(My, Be(@5 M3)) + Boleq(My, My), M) — (M, £(MMy, My))

+ e p(pg(my, M), My) — ep(My, pro(Mm,, My))} .

Equation (69) and the corresponding equation for the M-component of
(67) contain much information but little is accessible without further assump-
tions. For all  the summation over p, g = 0 with p + g = r of the terms in
each row is zero, as is seen by letting first m;, = m, = m,; = 0, then m, = q,
=m, = 0, etc.

Since ¥, gives a deformation of (4 + M),, wehave 8, =7,=¢, = ¢, =0,
and ay(a;, @) = a,a,, po(a, Mmy) = am,, oMy, a,) = ma, and 5, = g. Assum-
ing 8, = v, = 0 for all p, we have from (69)

(70) 2 aplag(ay, @), a;) — ap(@y, (@, @) =0,
p+q=r
a0

(71) Z ep(aq(ml’ a,), my) = 0,

prq=r
7,00
and additional relations involving a, ¢, and ¢; «, ¢, and p; and e and 5. The
only relation of immediate significance is (70) which says }; a;f* is a deform-
220

ation of 4 induced by ¥,. Considering (71), and assuming—A has a unit, let
a, be the unit of A. Since ¢ = 0 and o,(m,, a,) = m,, (71) implies ¢, = 0, and
recursively, ¢, = O for all r.
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Under the assumption that 8, = y, = O for all p, we have from the equa-
tion for the M-component of (67)

(72) 69:.(a;; Gy, a;) — p§=r77p(aq(an ay), @) — (@, ag(ts, a;))

>0
= 3 0,(np(ay, ay), ;) — po(ay, (a2 G3))
pig=r :
>0

(73) Z_ 6 (04(a, my), a;) — py(a;, o4y, ;) = 0,
Bdz0

74 Z_ 1My (G2, @) = 35 0p(0(My; Gy), 5) — G (M, ag(as, Gy))
Pa=z0 Paz0

5 2 25(94(Qr5 ), my) = 3, 02(a5; p(Ga, M) — pp(ety(ay, ), My) ,
Pazo Paz0

(76) p+q=7#p(#q(m1= my), my) — pp(Mmy, ue(my, my)) =0,
a0

and additional relations involving ¢ and ¢; ¢ and p; and g, o, and p.

Of course g, = 0, but it may be that for some n, yg, % 0. Let n be the
least such index. Setting r = 2n in (76), we see that u, defines an associative
muitiplication on M. Thus it might be the case that 4 has the structure of a
module over the associative algebra M, not at ¢t = 0, but under the deforma-
tion ¥,. The assumption that ¢, = O, for all p, suffices to give (76).

Relation (73) corresponds to (58) in the previous section, where we now
distinguish between left multiplications (o,) by 4, and right multiplications
(o,) by 4. Interpreting 3, p;#%, > o;¢* as deformations of the left (respectively

120 t20

right) module structures of M over 4, we have from (73) that they are com-
patible. The left-hand side of (72) equals (59), while the right-hand side is
the compatibility condition (66). But the fact that ¥, is a deformation of
(4 4+ M), does not imply these two quantities are independently zero.

The assumption that g, = 0, for all p, reduces (74) and (75) to (57) and
(56), respectively, stating that }; o2 (3 pt°) give deformations of the right

120 120
(left) module structure of M over 4, compatible with the deformation } at¢
10
of A. The converse would not seem to be true.
We gather the conclusions of the preceding discussion in

Theorem 5. A deformation ¥, = Y, ¢;t* of the form (68), of (A + M),
320

for which B, = y, = 0 for all p satisfies the following statements :
i) e,=0foralp.
il) ¥, induces a deformation of A.
iii) ¥, induces an extension of g if and only if such an extension is
compatible with the deformed module structure.
iv) If in addition p, = 0 for all p, ¥, induces a deformation of the
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two-sided module structure of M over A compatible with the in-
duced deformation of A.

v) ¥, induces an associative multiplication on M if the p, do not va-
nish identically.

The development of the module deformation cohomology and discussion
of an exact cohomology diagram (cf. (24)) associated to the deformation
cohomology of the central term of the exact sequence,

0-M-(A+M), 40

for given g € Z*(A, M) is left to a later paper. The strong parallel between
this exact sequence and a similar sequence in the deformation theory of com-
plex analytic fiber bundles will be discussed in that paper.
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